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A GENERALIZATION OF THE K-V EQUILIBRIUM FOR AN INTENSE
RELATIVISTIC BEAM PROPAGATING IN A SOLENOID

1. INTRODUCTION

The Vlasov equilibrium for a charged particle beam in a uniform
axial magnetic field wvith distribution function

£(r,p) = ng/2Rvge S(H-al-vgme?) 8(P-B,vome)

is examined, vhere Ryr Yoy @ and ﬁb ar; ;onstants. An expansion for ,
wvhich the dimensionless quantities 4nb°e nolyonc s, Wb/c, and 1- ab —llyb
are small is taken vhere b is an order-one scale length. In the limit
that Yo" and @ + 0, the K-V distribution is recovered [1,2, pp. 588-
594]. The four constants in the distribution function, Dy Yor ® and
ﬂb' are related to the more natural specification of the beam by its

total current, total energy, canonical angular momentum, and

perpendicular emittance, €, respectively. As an example of a case

vhere the corrections to the K-V distribution are important, we discuss
the beam proposed for the Spiral Line Induction Accelerator (SLIA)
Proof-of-Concept Experiment (POCE). [3].
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2. CHOICE OF VLASOV EQUILIBRIUM

Consider an equilibrium which is independent of z, the propagation
direction, and 6. The only fields are Br(t) = ~d#/dr, Bz(r) = 1/r
drAe/dr, and Be(r) = -dAz/dr, vhere & is the scalar potential and Ae and
Az are components of the vector potential. The constants of motion are

H= yncz + Zed, the energy,
L= r(pe + ZeAe/c), the canonical angular momentum, and
P = P, + ZeAz/c, the canonical axial momentum,

[2, pp. 84-88]. Ve will retain the charge number Z which is -1 for
electrons. The situation we are most interested in is the description
of a beam traveling in an external, uniform solenoidal field, Bz = Bo
for which Aeext(r) = rBOIZ.

Any distribution of the form f(r,p) = fo(n,L,P), vhere fo is a
given function, is an equilibrium solution of the Vlasov equation [2].
As will be shown, the form from which the K-V can be derived is given by

f(r,p) = n0/2nybn 8(H—ﬂL-ybnc2) S(P-abybnc) (1)

vhere no,ﬂ,vb and ﬁb are constants.

Denote the dimensionless potentials ¢ = e!/lcz, a, = eAz/nc2 and

ag = eAe/lcz.
Consider an integrable function g(t,pr,pe,pz). Define <g(r,p)> =
Ig(t,p)f(r,p)d3p, then it can be shown that
ngy 2 ’
{g> = 3 dtﬁg(t,ncx cos(t),mersin(T) + -cv,-c(Bbvb-Zaz)) +
n/2
g(r,-mc) cos(T),mehsin(T) + mev, lc(Bovo-Zaz)))(u + xsin(1))  (2)

2
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vhere

’ )
v, uria ¢ 1 Za_ .2
0

[ 2T [ (e o]
1-vr o Yo Yo Yo

k' - M1 - U2r2)1/2,
YaVE vrZa Z¢

V= 022[1+ e-—']y
1-v'x Yo Yo

(3)
1

us= II:;E:ET3/2 [ 1+

1-v'r

2
"‘(“u‘;_i)s/z [l*wue'z—’} - ’:“’(50‘2'3—2)2]“"’2’2}
and

U-ﬂ/c.
The assumption that jur| = Jar/c| < 1 has been made.

The beam radial extent is determined by the region for which the
argument of the square root in the expression for A\ is non-negative.

Ve are interested in parameter regimes which allow rapidiy
convergent pover series in the perpendicular momenta. To the lovest

orders ve have X?/yz -1 - 2 1/1b2'+ order-one constant times (¢/v,

aely, az/v or u?rz) and v?/r ~ u?rz. Por relativistic, low emittance
beams the first term is small because ﬁb = 1 and Yo >> 1. However, an
expansion in powers of the perpendicular momentum is also valid vhen Yo
+ 1 and ﬂo + 0 at least for lov charge density beams where 0/70, az/y0

and aelyb are small.
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Note that <g> = 0 for all odd functions of |

3. EXAMPLES OF MOMENTS OF THE DISTRIBUTION

1) Particle density: n, = <1> gives

no urZae Zé
N7 37372 |1+ i (4)
1-v°r Yo Yo

This result is exact.

For w=0 and f(r,p) = S(H-ybmcz) the result is n, = n, (1 - Z¢/vo)
[4, 2, pp. 122-130] and the scalar potential is a modified Bessel
function out to the beam radius. The "nonrelativistie" or "rigid-rotor"
case is recovered if the v terms are dropped and low current is assumed
so that Z¢/1b is ignored. This results in the flat-top radial density
of the K-V distribution [2, pp. 588-594]. The beams under study will
not be flat-top, but they will have a sharp radial cutoff.

2) Moments of the momenta: All integral powers of the momenta can

be integrated exactly. The ones of immediate interest are

<pe>/lc =N, (AK/2 + uv)
<p§>/nzc2 = 1, (X?ulz + AWK + vzu)

wp/m’e? « ny 3w8 + 2w/ + IV K2 + V) (5)
<p§>/lzc2 = n, X'zulz - o<1-u2:2)x?u/z

33 2

<pgp2>/mc = ny (W 2k/8 + A" 2wr2) = ny(1-vPrty (P8 + Nuw).

Moments involving v result in elliptic integrals.

3 ‘I';'”Mk'\ﬁ"h .
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Substituting from Eq. (3), ve get

2
<pe>/ronc = naur (1—\)2::2)1"2 («-’-‘7 -——%—i- + uz) (6)
210 (1-v"r™)
3n0ur erae Z¢ 2 nyvr 1 Za 2
b nv.v; M L -= o | T B — | |
201-v'c%y” v vl 20-vrHY2 3 Yo

Consider the canonical angular momentum density,

<L> r<p rZa Za
e - ne> + gl = tznou + IR, - + higher order terms.
YO C ‘Yo C Y0 YO

2 2

In a solenoid rag = r eBOIanc if the self-fields are neglected. In the case
of a beam created in a diode free of wagnetic field, the canonical angular mo-
mentum is zero. This is assured, to lovest order, by wc = v = -ZeBOIchzyo -

B, (KG)/ 3.4y, em L.

Denote pi - pf, + pg. Then
7a, 741 | 2 + 3Pl
2,,.2,2.2 ng [1 , g ] +3vr
< - - -
0 (1-Pr2)52 o vl | 2a-vh
2 2
vrZa, 2¢ 2201 Za
[1,, 0__..]_2_.:_21_{_2_+[,,0__1”,a,,d
'Yo 1’0 2 'Vo Yo
2.2 7a, 2414 7
vr.
<Pepi>/7313c3 = ngur ——m—zo + 15Vt 73 {1 + . —-—]
8(1 - vr%) Y, Y,
(i 0
2 2
12 « 332 [ vrZag Z417 1 Za,
- g | el B el L Taleen
4(1 - v'r) X 'Yo Yo Yo 'fo
3 2.2
4 ~ uzrz 1 [ Zaz ] ]
=337 T """ | |-
8(1 - v'r )¢ | v Yo
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4. EXPANSION IN THE "BEAM" APPROXIMATION

In order to compute an equilibrium confizuration for this
distribution, we need to compute several moments. Hence, we nov examine
the expansion of vy in an approximation relevant to beams of interest.

Define v, = (302702 + 1) 172 4nd B, = (1-1/yb2)1’ 2 1t follows that
Byp=Bo0"

In order to call this a "beam" we make the following assumptions:
1- 8,7 - 1/702 R
(pr2 + pez) <« (ybmc)2 y and
| Ze(h,,Ag#) / vme? | < 1.

The last assumption can result from a "small" current or a "large" vy.

The relativistic factor, v, is

2 2 2 ,1/2
[ Pr+pe+(P-ZeAz/c)}
Y= + ?
mc

22
2 2 222
which, to first order in (pr+ pe) / YRC and az/yb , can be written

2 2
Py + Pg zﬁbaz
veEw | 15T - '

val c Y

(8)

vhere ve have used P = ﬁbyb-c. To the same order,
2 2

1 P'* Pg 2R3,
ol R 2 3% '
b 27bl c S
2 2
P, MY 7
c ymc B - 2 Y2.2c2 73 '
b b
2 2

Pe [ , Pt Pe R, ],

<=

e % - Ly s (9)
R e 2vime T

PR
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2
ot t (1 Ppre ),
14
c c  Y,RC 2Y,b.zc Y
22 2 2
Zroa re‘y p, + (py- rev,m)
H - al 9 b 1% 2] b
ey, +2¢-28a8 - —m— - + . T
” b Bpa, - =2 2 2 Yb_icz !

Note that by keeping the self-field corrections in y, the mean azimuthal

velocity Ve = <ve>/<1> is not exactly rw (referred to as "rigid-rotor"
equilibria).

5. CALCULATION OF SOURCE TERMS FOR MAXVELL’S EQUATIONS

Ve calculate the charge and current densities to the order
indicated above: ve retain terms , #/v, a_/v, Vbay/y, v, v'bZ, vbe/v,
wa, /v, Vblag/v, V63, (1 - v, 2/vp?), and “b(1 - ybzl'(o ) vhere b is a
chcractcristic length of the same order as the radial dimension for the
beam. The value of b is unimportant, as it does not appear in the final
equations.

1. Charge density, p = Ze<l) :
v 2 2

urZae Z¢
p = Zeno ( p -3+ To - ;5 ] . (10)
2. Axial current density, Jz - Ze<v:> :
3 3 uzrz 515 ) Zaz
Jz-Zecno ﬂb ;—;7]4- ; 6 -— |-
Yb YbJ 'Yb
2
A (o
2 70 Yo Y%J
vzr2 Zaz
-z‘cno %4 , - — . (11)
Yo
7
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3. Azimuthal current density, Je = Ze<v9>:

3 2
3y 3y, S5y 38 2a Y,
o+ teemgr | (2.2 Ry JRR[, 3
4 4 2
“ *Yo *W Yo b
vir? ( 1% Yof Yg
+ 24 - 45 1-—2- +105—1--i-
16 \ 'Yb Yb \ Yb J
2 3\
Y, [vrZa ¢ S¥,
. 2 .~ (s-—5) (12)
Yb \ Yo 70 Yb )
[ 3?2 vrZa, Zé)
= Zecnour 1+ + - — = purc .
2 Y, Yn/
\ 0 0

If only the first term is kept, we obtain Je = Zecnour, rag becomes a
fourth-order polynomial in r, and ¢ and a, are the sums of fourth-order
polynomials and modified Bessel functions (inside the beam). For v = 0,
the expression for Jz reduces to the correct expression to the proper
order in the expansion [4,2, pp. 122-130). For the K-V distribution,
only the first terms in the expressions for p, Jz and Je are retained
(2, pp. 588-594].

Let us introduce some dimensionless quantities. The dimensionless
radial coordinate is r/b. The dimensionless particle density is ﬁo "
6nonb2rc = nob(c-)2/2.83g11 vhere r, = e2/nc2 is the classical electron
radius ( a uniform 1 kA beam of 1 cm radius has a particle density n =
6.63el0 cl'3). The dimensionless anguiar parameter is @ = wb/c. The
dimensionless external solenoid field is 39 . Boeb/nc2 = Byb/1.7kG. The
dimensionless current density is J s J4neb /nc3 and the dimensionless
beam current is f = Ie/lc3 « I(kA)/17. Nov the equations will use
dimensionless quantities and drop the "~" and ve will use w instead of

v.




6. POVER SERIES SOLUTION FOR THE POTENTIALS

Ve nov use the pover series expansions of the potentials:

2n

2
¢ = anr y &, = ttnr

n 2n
and rag = Zunr .

Setting the potentials
equal to O at the origin allou:; the sums to run from n=1 to n==.

Ve also define coefficients L bn and n for n=1 to 5 from
Maxvell’s equations for the potentials inside the beam:

% 3% r %f - -p = al + 320 + a3az + ‘6‘9 + asrz,
%?1% r g-:-z = <3, = by + by# + bya_ + byag + ber’,  and (13)

n1a.
"
" =

%; rag = -je = r(c1 + c2¢ + Cja, + Caq + c5r2) ’

vhere p is the dimensionless charge density wvith en, replaced by
dimensionless ny, v replaced by dimensionless o = ub and r replaced by
r/b in Eq. (10). Similar substitutions are made in the previous
expressions for Jz > jz and Je > je. ‘

The following equations for the coefficients result:

481 - ll = ’zno ’

Atl‘bl .--Znoﬂop
165, = a8, + a,t, + a,u, + a = Zzn S./Yn - Zzn o, /va - 32n 02/2
2" %% * 3N e v 01’ Yo o™1’ Yo 0 '

2 2

8“2 = cl - ‘znou ’

N e T
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24u3 = CoSy + c3t1 +.CUy + Cg

and

2
36t3 = b232 + b3t2 + b[’u2 Z notzlyb . . (14)

[ |

Note that all the coefficients are determined explicitly except ug,
vhich will be found later. Coefficients of order n depend on those of
lover order. Specifically, s, - nO/y (Sn-l + wun_l), tn ~ noly tn—l’
and u, - now/y (sn_2+wun_2). Therefore the powver series converge
rapidly and can be terminated provided nolyb << 1. Note that this
condition, which is essentially the requirement for ignoring nonlinear
terms in the potentials, is different than the condition for rapid
convergence in expansions in perpendicular momenta.

From nov on ve consider the case of an external solenoid of
(dimensionless) field Bo and replace Uy in the above equations with Uy
+ 30/2 vhere vy from nov on refers only to the self-field contribution.

Ve obtain
2
B.r Zn.n
rag = ulr2 + 5 - g r‘
32 2. 2 2 2 3
[ z ny® . Z nye uy . Z nyw Bo . Znou ]r6
- ?
961b 241b bByb 16
(15)
32 2 2 2
-Zno 2 -2 ng - 6Zn0u Yo - 4z ngw, - 22 nOwBo 4
¢ = —=1r% r , and
4 647b

3.2 2
“Znofy 2 R Zhof  Zmofp ¢l 4
z 4 64v, 32

10

Zznoasllyb - zznom?ul/yb - 32ngw’/2 ,



Ve will need the following expressions to the proper order

urae ) wu1r2 . mBor2

Y o 2vy ’

¢ —Znor2 Zznouu1r4 Zznoﬁﬂor4
— - - 57— - T and (16)
Yo 470 1610 3270

a, - ofot

Yo = 470

To lowest order we expect Bolyb ~ W, so the terms in ¢/v
containing r“ can usually be ignored.

7. EXPRESSION FOR THE BEAM RADIUS
The beam edge radius R is obtained by finding the domain where the

argument of the square root in the expression for A in Eq. (3), is
positive. To this order the beam is confined to spatial regions

satisfying
2
2Zara 2Z¢ v 2Z8.a
1+ 8 _ . —% ﬂb zZ, w?rzz 0, and
Yo Yo Y Yo

ve assume 1 - v%/y% > 0 so that the beam is not hollow. The outer

cutoff radius, R, of the beam is then the solution of

e

4 20
+ R 3 4y ¢ 2 17)
870

11
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8. CONSIDERATION OF CANONICAL ANGULAR MOMENTUM

The canonical angular momentum is L*(r) = <L> = <r(pe + ZeAe/c)>.
Expanding this, we obtain

*
L /noyomc = ur2(3/2 - yb2/2702 + 3w2r2 + 32@1'39/70
- 32¢/vy + ByZa,/vy) + Zrag/v,
L*/n yome = r2( (372 - v, 2/2v,2) + Zu, /v, + TB/2vs ) +
0Y0 % '“Yo 1'% (R
4
£ 30° + ZZangl 3 - 8,21/4v,
+ 3Zw’[ u, + By/2]/vq ). (18)
For a non-immersed cathode, as is the case for the SLIA experiment,
*
f2nrl dr=0. (19)
Eq. (19) relates the parameter w to the external field, Yo ﬂb, and u;.
Other diode configurations lead to different values for the beam’s total
canonical angular momentum [5, 2, pp. 559-569].
9. DETERMINATION OF THE AXIAL SELP-INDUCED MAGNETIC FIELD

The integration of Faraday’s lav gives the self-induced
(dimensionless) axial magnetic field as

B,° = I3gir = Zngk?/2 + 32a,w’R*/8 + 22n WY 4y (Zag/s) (20)
= 2“1 .

12
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I1f Yo Bb, and n, are chosen, then this expression for Uy, Bq. (17) for
the beam radius R, aad Eqs. (18) and (19) for the zero canonical angular
momentum give three (nonlinear) equations for the unknowns Uy, R, and o,
and the equilibrium is completely specified.

In the simulations to be presented later, the beam is inside a
conducting cylinder of radius Rw' In this case, the relationship for uy
is uy = -u, R‘/Rv2 + (1-R2/Rw2)fjedr/2. This expression accounts for
the axial magnetic field produced by the image currents.

10. SPECIFICATION OF THE EQUILIBRIUM IN LABORATORY PARAMETERS

The Vlasov equilibrium was specified in terms of four parameters,
Nys Yo» ﬂb and @ vith certain restrictions on their values so that the
expansion is valid. Normally, however, the four parameters commonly
chosen are the beam energy, beam current, emittance and canonical

angular momentum.

Ve have seen that conditions on the canonical angular momentum are
closely related to the value of ®. Clearly, beam current is correlated
vith ng. In an experiment the beam electrons are created wvith an energy
determined by the potential on the anode foil. The beam usually
propagates inside a conducting cylinder, so the field energy must be
taken from the beam. Note that the tube boundary, Rv’ appears here if

ve vish to relate the diode voltage to. the appropriate value of Yo

Ve define the normalized perpendicular RMS emittance, €, in the
relativistic setting, through

e 2n? o cardrcep 4 pgD>> - <crp ? - «rpy? (21)
vhere
<<¢(r,pr,p9,pz>> ] Igfd3p2lrdr / IfdapZurdr. (22)
13




The emittance is related to the amount of the beam’s energy found in
"undirected" transverse motion [6]). The Vlasov parameter ﬂb is a measure
of hov much of the bean’s momentum is directed axjally and if the other
parameters are fixed, increasing ab vill decrease the transverse emittance.

Figures la-c show the beam current, emittance and cutoff radius, R,
as functions of the parameters in the approximate Vliasov equilibrium. Ve
have fixed Yo = 9. Bo takes the values 4.5 kG (dashed), 5.5 kG (solid),
and 6.5 kG (dotted). 50 is set to .97, .988 or .993. The assumption of
zero total canonical angular momentum is made. Note that the
approximations made in this model become less accurate as the parameter n,
increases in the figures.

11. PROOF-OF-CONCEPT EXPERIMENT (POCE) IN THE SPIRAL
LINE INDUCTION ACCELERATOR (SLIA)

The SLIA is a proposed compact high-current electron beam accelerator
[3] which is being developed and studied experimentally at Pulse Sciences,
Inc. SLIA uses induction cavities to accelerate the beam and a solenoidal
magnetic field for transport in the straight sections. Transport around
the bends is accomplished using strong focusing stellarator windings (i.e.,
tvisted quadrupoles) augmented vith a vertical magnetic field. The beam
line is shovn schematically in Fig. 2. The transport lines are isolated
from each other except in the acceleration region. In the POCE a 10 kA, 35
ns beam vill be accelerated to 9.5 MeV from 3.5 MeV in steps of 1.5 MeV.

The motivation for this paper came from attempts to simulate the
POCE experiment [7]. Figure 3a shovs a simulation of a 10.7 kA, v = 9.3
beam vith a normalized RMS emittance of .34 cm-rad in a 5.5 kG solenoidal
field. The beam particles are loaded with a K-V distribution in the
rotating frame vith the correct moments for a matched equilibrium.
Nevertheless, the beam radius exhibits groving oscillations at the
envelope frequency. In this example the (transverse) emittance actually
decreases slightly. After many meters the beam radius oscillations damp.
This behavior indicates that the K-V equilibrium is not a good kinetic
equilidrium for these beam parameters.

14
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The next figure shows the results of a simulation with the beanm
initialized with the equilibrium developed in this paper. Specifically,
ng = 1.4x10'2 per ca®, vy = 9, B, = 0-988 and By = 5.5 kG. The
numerical gridding and number of simulation particles is the same for
the tvo runs. The result indicates a much better choice for
initialization. For this run the cutoff radius is R = 0.70 cm. Taking
the scale length as b = 0.70 cm, the dimensionless w = -0.11,
dimensionless ny/y, = .27 and 1 - By - 1/y,” = .012 . The maximus
values assumed by the potentials vere Qlyb = .069, a /yb = .068,

ae/vb = .0027 (self-potential), b 80/21b = ,088.

12, CONCLUSIONS

Ve have derived an approximate equilibrium for an intense electron
beam propagating in a pure solenoidal field. This equilibrium is a
higher order approximation to a true Vliasov equilibrium than the K-V
equilibrium. It includes space charge depression effects, the shear in
the longitudinal momentum and the self-induced longitudinal diamagnetic
field. Simulations confirm the theoretical results. Contemporary and
proposed experimental beams have parameters for which these effects may
be measurable, even though experimental beams tend to have rounded
profiles.
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